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Abstract A model of competition between two species in a turbidostat with delayed
feedback control is investigated. By choosing the delay in the measurement of the opti-
cal sensor to the turbidity of the fluid as a bifurcation parameter, we show that Hopf
bifurcations can occur as the delay crosses some critical values. The direction and sta-
bility of the bifurcating periodic solutions are determined by the normal form theory
and the center manifold theorem. Computer simulations illustrate the results.
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1 Introduction

The chemostat, a laboratory apparatus used for the continuous culture of microor-
ganisms, has played an important role in microbiology and population biology (see
[1-5], for example). It is the most simple idealization of a biological system where
the parameters are measurable, the experiments are reasonable, and the mathemat-
ics is tractable [4]. A classical result which is known mathematically [6—14] and
experimentally [15—17] is the competitive exclusion principle, i.e., only one organism
survives in the long run while others die out. There is a large literature devoted to the
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modifying the chemostat model to ensure the coexistence of the organisms (see, for
example, [21,28-38] and also [4] for a review). Recently, much attention has been
devoted to the modification of the chemostat to ensure the coexistence of species on
a single nutrient by controlling the dilution rate of the chemostat [15,17-20,28].

The chemostat with feedback control of the dilution rate is often referred to as tur-
bidostat by bio-engineers and biologists (see Panikov [22] and Shuler and Kargi [23].
In the turbidostat, an optical sensor measures the turbidity of the fluid and this signal
is used to control the dilution rate. Coexistence of two species in the turbidostat was
shown numerically by Flegr [19], and later analytically by De Leenheer and Smith
[18]. Their model takes the following form:

§ = D) = 8) = L A1(S) = 2 £(S),
Y1 Y2

X1 = x1(f1(8) — D(x)), (1.1)
X2 = x2(f2(S) — D(x)),

where S(¢) is the limiting nutrient concentration and x; (t) (i = 1, 2) is the concentra-
tion of the ith competitor at time 7. S is the input concentration of the limiting nutrient
and y; are yield constants. The dilution of the turbidostat is D(x) that is controlled by
setting

D(x) =d + kix1(t) + kaxa(t), (1.2)
where d > 0, k; > 0 fori = 1, 2. The functions f; are called uptakes functions and

each f; is assumed to be a continuously differentiable function with f;(0) = 0 and
f{ > 0forall S € Ry. A typical form of the f; are Monod functions

miS .
(S) = , =1,2, 1.3
fi(S) ats | (1.3)
where m;,a;(i = 1,2) are, respectively, the maximal growth rate and the half-

saturation constant or Michaelis-Menten constant of the ith competitor.

It is shown in [18] that model (1.1) permits a unique coexistence equilibrium for
certain parameter values, and if the dilution rate depends affinely on the concentrations
of two competing organisms, coexistence may be achieved as a globally asymptoti-
cally stable equilibrium point in the interior of the non-negative orthant. This implies
that if accurate measurements of the concentrations of the competing organisms are
available, a simple affine control algorithm would allow automated coexistence in the
chemostat (see [18] for the details). But in reality, no matter how sensitive the sensor
is there always exists delay in the process of its measurement to the turbidity of the
fluid and this signal is used to control the dilution rate. For a long time, it has been
recognized that delays can have very complicated impact on the dynamics of a system
(see, for example, [24—26]). For example, delays can cause the loss of stability and can
induce various oscillations and periodic solutions. In the present paper, we investigate
the effect of delay on the dynamics of model (1.1) with the dilution rate D(x) given by
(1.2). Taking the delay as a parameter, our results show that Hopf bifurcations occur
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as delay passes through some critical values, i.e., a family of periodic solutions will be
bifurcated from the positive equilibrium. Furthermore, the formulae determining the
direction of the Hopf bifurcations and the stability of the bifurcating periodic solutions
are given. Numerical simulations are carried out to illustrate our results.

This paper is organized as follows. The model and some basic results about the
model are presented in the next section. In Sect. 3, we consider the stability and the
local Hopf bifurcation of the positive equilibrium. In Sect. 4, we employ the normal
form method and the center manifold theory introduced by Hassard et al. [27] to ana-
lyze the direction, stability and the period of the bifurcating periodic solution at the
critical values of the delay. In Sect. 5 we give a numerical example to illustrate our
theoretical results in Sect. 4. Finally, a brief discussion is presented in Sect. 6.

2 The model

Let S(1), x1(¢), x2(t) have the similar biological meaning as in model (1.1). Consider
the following model of exploitative competition for a nutrient between two species of
microorganisms in a turbidostat with delayed feedback control:

§ = (d+kxi(t — 1)+ kaxa(t — 1))(8° — §) — ’%fl(S) - );—jfo),

X1 = x1[f1(8) — (d + kix1(t — ) + kaxa(r — 7)),
X2 = x2[f2(8) = (d + kix1(t — ) + koxo (1 — 7))] 2.1

with initial value conditions
SO) =@o0), xi(0)=¢i®), i=12, 0¢€(-r10] (2.2)

where ¢;(#) € BC[—1,0], i =0, 1, 2, the Banach space of all continuous bounded
functions, and all parameters are positive constants. 50, Vi, d, ki, fi(S) play similar
roles as in model (1.1).  is the delay of the optical sensor in the measurement of the
turbidity of the fluid and d + k1x1 (¢ — ©) + kox2 (¢ — 1) is the dilution of the turbido-
stat that is controlled. When 7 = 0, the model becomes model (1.1) considered by
Leenheer and Smith in [18].

It is convenient to perform scaling for chemostat type problems. Let

Xi

= 80 ki =y, fi(8) = fi(s"3).
1

§=§, Xi

After dropping the bars, the model (2.1) becomes

S=d+kxi(t — 1) +kaxa(t — )1 = 8) — x1 £1(S) — x2./2(S),
X1 =x1(f1(S) — (d + kix1(t — ) + kaxa2(t — 1)),
%2 = x2(f2(S) — (d + kix1(t — T) + koxo (1 — 1))). (23)

As in [18], we introduce the following standing hypothesis:
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(H) The graphs of the functions f; and f; intersect once at S*:
fi(S¥) = fo(8*) = D* 2.4

where §* € (0, 1). Moreover f{(S*) # f,(5™).

Assumption (H) shows that for low values of the dilution rate (D < D¥), one
of the two organisms wins the competition and for higher values (D > D*, but
D < Dpax = max{fi1(1), f2(1)}), the other wins the competition.

Note that if d € (0, D*) and

D* —d D* —d
<ky or ky <

k1<
1 —§* 1 —S*

< ki, 2.5)

then system (2.3) possesses four equilibrium points:

E():(l,0,0), El =(1_)"1’)"110)s E2:(1_)"290s)"2)
and E* = (8%, x{, x3) (2.6)

where 4;, $* and x;" are given by:

fih) =kl —=x)+d, i=1,2,
D (-8 —d

I : 2.7
B ki — ks @7
o _k=8)-D"+d
2T ki — ko :

When 7 = 0, we have known the following results from Leenheer and Smith [18]:

Lemma 2.1 Assume t = 0andd € (0, D*]. If (2.5) and
(k1 — k) (f{(S*) = f2(5%) > 0 (2.8)

hold, then the positive equilibrium E* is global asymptotical stable with respect to
initial conditions in im(Ri).

3 Stability of the positive equilibrium and Hopf bifurcations

Assuming that d € (0, D*) and (2.5) hold, we have known from above that system

(2.3) has a unique positive equilibrium E* = (5%, x{, x3). In the following, we will
consider the stability of E* and Hopf bifurcations induced by delay.
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Let y1(1) = S(t) — %, y2(t) = x1(¢) — x{, y3(t) = x2(¢) — x3. System (2.3)
becomes
¥1 = —ay1(t) = D*ya(t) — D¥y3(t) + k1 (1 = §)y2(t — 7) + ko (1 — S*)y3(t — 1)
—(b1ax} + baxd)yE (1) — b1y ()y2(t) — by y1 (0)y3(1) — k1 y1 ()ya(t — T)
—kay1 (D3t = T) = (b13x] + baax3) ¥} (1) = biayf (Dy2(1) = b2yF (Oy3 (1) + -+,
y2 = bixiyi(t) —kixjy2(t — v) — kox{y3(t — 1)
+h12xTYT(0) + br1yi (0y2(0) — ky2(D)y2(t — T) — koo ()y3(t — 7) (3.1
+b13x Y (0 4+ brayf Oy () + -+,
¥3 = bax5y1(t) —kix5ya(t — 1) — kpx5y3(t — 1)
+b22x;yf(t) +b21y1()y3(t) —k1y2(t — T)y3() — koy3 (1) y3(r — 1)
+b2333 Y7 (1) + b2 yT (DY) + -+,

where

a = (d + kixj + kax3) + byixj + b1 x3
=D"+ bux? + bzlxék, 3.2)

n ) i=1725 j=1,2,3.
J:

We then obtain the linearized system

21 = —azi(t) = D*22(t) — D*z3(t) + ki(1 = §)z2( — 7) + ko (1 — $")z3(t — 1),
22 = bnxizi(t) — kix{za(t — 1) — kox{z3(t — 1),
23 = by1x521(t) — kix5z2(t — ©) — kax5z3(t — 7).
From the linearized system we obtain the characteristic equation
O+ DI +72) + (ph+ @le "1 =0, (3.3)

where r = b]]x;k + bzlx;(> 0), p= kle + k2x§(> 0), and g = (k1 — kp)(b21 —
bi)xjx;.

To study the stability of the equilibrium E* and the Hopf bifurcation of (2.3), it is
sufficient to study the distribution of roots of Eq. (3.3). Observing that A = —D* is

always a negative root of (3.3), we need only consider the distribution of roots of the
following equation:

(A2 471 + (ph+q)e ™" =0. (3.4)
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Obviously, A = 0 is not a root of (3.4). For T = 0 the characteristic equation
becomes

M4+ (p+ri+qg=0, (3.5)

from which we immediately have:

Lemma 3.1 When t = 0, we have:

(1) ifq <O, then Eq. (3.5) always has two real roots: one positive root and one
negative root,
(2) ifg > 0, then Eq. (3.5) always has two roots with negative real parts.

Now for t > 0,if A =iw(w > 0) is a root of Eq. (3.4), then we have
—&” + roi + (pwi + g)e” T = 0.

Separating the real and imaginary parts, we have

w? = g cos(wt) + pwsin(wt),
. (3.6)
rw = g sin(wt) — pwcos(wt),
which leads to the following fourth degree polynomial equation
o'+ (* = pHo® —¢* = 0. (3.7)
It is easy to see that (3.7) has only one positive real root
2 2 2 2y2 2
—(r- = + - + 4
w*z\/ (2= )+ 07— A s

We can now find the value of t by substituting w, into (3.6) and solving for 7. After
computing, we obtain

1 — 27
tjz—arccos(q pr)—i— ]ﬂ, j=0,1,2,.... 3.9)

Wy a)% + r2 Wy

Thus, when © = 7}, the characteristic equation (3.4) has a pair of purely imaginary
roots +iwsy.
Denote

Lj(m) =n;(@) +iw;(r)
the root of Eq. (3.4) near T = 7; satisfying n;(r;) = 0 and w;(7;) = wy.
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Lemma 3.2 The following transversality condition is satisfied:

dn;(t)
drt

T=T7;

Proof Differentiating Eq. (3.4) with respect to T we obtain

"' @ rt
(_) _ @At P T (3.10)
dt AMpr+q)  Alpr+gq) A
which, together with (3.4), (3.7) and (3.8), leads to
d(Re(})) _ i\
n e = sign 4 Re T
T T=Tj t T=1;
. [(2/\ + r)e“:| [ }
= sign 4 Re
Mpr+q) Mpr+q) Jr—y,
. —Q2r+7r) P
= sign 4 Re 2— - 351 3
Ac(A+r1) pro?+q
) r? 4202
= Sign
§ w2(r? + a)ﬁ) plo?
= sign{r2 + Zaﬁ — pz}
= sign [,/(r2 — pH)? —|—4q2] =1.
The proof is thus completed. O

From Lemmas 3.1 and 3.2, we can obtain the following results about the distribution
of the characteristic roots of Eq. (3.3).

Lemma 3.3 Suppose that oy and t;(j =0, 1,2, ...) are defined by (3.8) and (3.9),
respectively.

(1) ifq < 0, then Eq. (3.3) has at least one root with positive real part for all
T >0

(2) ifqg > O0and tv = 1}, then Eq. (3.3) has a pair of simple imaginary roots
+iw,. Furthermore, if T € [0, 19), then all roots of Eq. (3.3) have negative real
parts; if T = 10, then all roots of Eq. (3.3) except L£iw, have negative real parts; if
T € (Tj, Tj11), then Eq. (3.3) has 2(j + 1) roots with positive real parts.

From Lemma 2.3, we easily obtain the following results about the stability of the
positive equilibrium E* and existence of Hopf bifurcation of (2.3).
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Theorem 3.1 Let w, and t;(j =0, 1,2, ...) are defined by (3.8) and (3.9), respec-
tively.

(1) if g < O, then the equilibrium E* of the system (2.3) is unstable for all T > 0;
2)ifq > O, then
(a) the equilibrium E* of the system (2.3) is stable for all t € [0, to) and unstable
fort > 19;
(b) Hopf bifurcation occurs when t = t;; that is, a family of periodic solutions
bifurcate from the positive equilibrium E* of system (2.3) as T passes through the
critical value ;.

4 Direction and stability of the Hopf bifurcation solution

In the previous section, we obtain the conditions under which a family periodic solu-
tions bifurcate from the positive equilibrium E* at the critical values of T = ;. As
pointed out in Hassard et al. [27], it is interesting to determine the direction, stability
and period of these periodic solutions bifurcating. Following the ideas of Hassard et
al. we shall establish the explicit formulae determining the properties of the Hopf
bifurcation at the critical value of t using the normal form and the center manifold
theory.

Letting y;(t) = y;(tt), T = t; + p and dropping the bars for simplification of
notation, system (3.1) is transformed into an FDE in C = C([—1, 0], R3) as

y(0) = L (ye) + h(p, 1), 4.1

where y(t) = (y1(t), y2(t), y3())T € R} ,and L, : C — R®, h: R x C — R* are
given, respectively, by

~a  —D*-D*\ [¢1(0)

Ly = (tj+wp) | buxy 0 0 ¢2(0)
byixy 0 0O ®3(0)
“4.2)
0 k(1 =S8 k(1 —58%) p1(=1)
Hrj+u) | 0 —kixy  —koxy (=1 |,
0 —kix3 —koxj p3(—1)
and
hy
hp, ) =(@j+w | ha |, 4.3)
h3
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where

hy = —(b12x} + b2x3)@}(0) — b1191 (0)92(0) — ba191 (0)@3(0) — k11 (0)ga(—1)

— k@1 (0)@3(—1) — (13 + x35523)93 (0) — b129F (0092 (0) — b22g? (0)3(0) + - - - ,

hy = b1ox}1(0) + b1191(0)@2(0) — k12 (0)g2(—1) — ka2 (0)g3(—1)
+b135797 (0) + b12¢7 0092(0) + -+,

h3 = b22x§k<ﬂ12(0) + b2191(0)93(0) — k192 (—=1)93(0) — kp3(0)p3(—1)
+52335907 (0) + b22¢7 (0g3(0) + -+ - .

By the Riesz representation theorem, there exists a 3 x 3 matrix function n(6, ©) of

bounded variation for 6 € [—1, 0] such that
0
L= /dn(@, we@) for ¢ € C.
-1

In fact, we can choose

—a —D* —D*
n@,w) =i+ | xfbrn 0 0 |86
x3by 0 0

0 k1 (1 — §*%) ka(1 — §%)
+(tj+u) | 0 —kixi —kox{ 30+ 1),
0 —kixj —koxj

where § is the Dirac delta function.
For ¢ € C'([—1, 0], R%), define

de0) 6 el-1,0)
— o ey
A = {fl dn(®. we®), 6 =0,
and
_ o, 6 e[-1,0),
Rlne = [h(u,so), 6 =0,

Then system (4.1) is equivalent to
Ve = A(W)yr + R()yr,

where y,(8) = y(t + ) for 6 € [—1, 0]. For ¢ € C'([0, 1], (R?)*), define

dy(s)
N s € (0,1],
A= !foldnT(r,ow—r), s =0
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and a bilinear inner product

0 6
(¥ (5), 9©) = ¥ (0)p(0) — // V(& —0)dn(O)p(§)dE, (4.10)
-1

where 1n(6) = n(0,0). Then A(0) and A* are adjoint operators. By the discussion
in Sect. 3, we know that iw,t; are eigenvalues of A(0). Thus, they are also eigen-
values of A*. We first need to compute the eigenvector of A(0) and A* corresponding
t0 iw,T; and —iw,T;, respectively.

Suppose that ¢(0) = (1, a1, B1)7 e!®*7i? is the eigenvector of A(0) corresponding
to iw,Tj. Then A(0)g(0) = iw47;q(0), it follows from the definition of A(0) and
n(@, w) that

iwy +a D¥ —ki(1 — $%)e T D* —ky(1 — §*)e™i®Ti 1 0
T; —bllxik iwy + klxike*lw*fj kzxikeﬂw*rj a1 =10
—bglxé* klee_’w*fj lwy + kzx;e_‘“’*fj Bi 0

Noting that d + k1 x] + kox; = D* and S* + x| 4 x5 = 1, by direct computation, it
is not difficult to show that

ity — bi)xy — wylxf
B (xik + x;)a)*

—[i(b21 — b1)x| + a)*]xz
(Xl + x;)w*

B = 4.11)

Similarly, suppose ¢*(s) = D(1, az, B2)e'®*%i% is the eigenvector of A* correspond-
ing to —iw,7;. By the definition of A* and (4.4) and (4.5), we have

—iwyta —xiby —x3b21 1 0
Tj | D*—ki(1=8%)e' ™" —iw+kixje' kyxye' @+t a | =10
—ko(1—=S*)e'@<Ti koxie'®+%i —iwytkoxye' P+T B 0

Thus we obtain that

akiwy — ilkiw? + (ko — ki)ba1 D*x3]
wy (k1 x7b11 + kax3bo)

_ akw, — ilkow] — (ko — k1)b11 D*x3]

N wy (k1 x{b11 + kox3bay) .

oy =

(4.12)
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In order to assure {(g*(s), g(0)) = 1, we need to determine the value of D. Form
(4.10), we have

(q*(s),q(©) = D(1, a2, B2)(1, a1, 1)

0 0
—~ / / D(1, &, Bo)e 5= Dan@) (1, ar, )T ' d&

—1£=0

0
=Bttt pif - /(1,&2, B0 dn@)(1, ar. 1)’
-1
= D{l +aja + B1B2 + 7 (ki
+haB1)(1 — S* — xfap — x5 Br)e @), (4.13)

Hence, we can choose D as

1
D= _ _ . ’
14 ajo 4+ B1B2 + Tj(kl(il +koB1)(1 — S* — xikaz _ )C;ﬂz)e’w*rf
(4.14)

which assures that (g*(s), ¢(0)) = 1.

In the remainder of this section, we will follow the ideas and use the same nota-
tions as in Hassard et al. [27]. We first compute the coordinates to describe the center
manifold Cg at u = 0. Let y; be the solution of Eq. (4.1) when u = 0. Define

2(t) = (g"(s), y(0)), W(t,0) =y (0) — 2Re{z(t)q(0)}. (4.15)
On the center manifold C we have
W(t,0) = W), z(1), 0),
where

) 1 N
W(z,2,0) = §W2()(9)22 + Wiizz + EWozzz e, (4.16)

z and 7 are local coordinates for center manifold Cy in the direction of ¢* and g*. Note
that W is real if y; is real. We consider only real solutions. For the solution y; € Cy
of (4.8), since u = 0, we have

1) = iwwTjz +(g"(0), h(0, W(z, Z,0) + 2Re{zq(0)}))
= iwsTjz+ ¢ (0)h(0, W(z, Z, 0) + 2Re{zg (0)})
= iw,Tiz +§*(0)ho(z, 2). (4.17)
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We rewrite this equation as
(1) = iwstjz(t) + g(z2, 2), (4.18)
where

8(z,2) = " (0)ho(z, 2)
22 _ z2 227
=gzo?+g1112+g02?+g217+-'- . 4.19)

Noticing y,(6) = 010, y2(0), y3(ONT = W(t,0) + zg(0) + zq(0), q(0) =
(1, a1, B)T e ®+%i%  we have

2 =2
_ Z _ Z _
yi(0) =z 47+ Wz(é)(O)? + w02z + Wéé)(O)? +0((z, 2)P),

2 =2
- Z _ Z _
¥2(0) = a1z + @1z + WZ%)(O)? +WP0)zz + WO%)(O)? + 0z, 2P,

Z2

=2
- _ _ Z _
y3:(0) = Biz + iz + W§3><0)3 + w02z + WO(S)(O)E +0((z, DP),

Yar(—1) = e 4 @yl + Wz(é)(—l); + WP (= 1)2Z + Wé?(—lg
+0(z. 9P,

ya(=1) = Bre™ iz + Bre' Tz + WZ(S)(—l)é + W (=Dzz + W(S)(—l);
+0(l(z, D). (4.20)

From (4.19), we have

8(2.2) = §*(0ho(z.2) = D @y, o)tj (1. hy. h3)”

= Dtj{—(x}b12 + x5522)93(0) — b1191 (0)92(0) — b2191 (0)¢3(0)
—k191(0)p2(=1) — ko1 (0)3(—1) — (xTh13 + x;‘bzs)ﬁ 0
— b1291(0)92(0) — b7 (0)3(0) + @2 [x}b127 (0) + b1191(0)92(0)
—k192(0)p2(—1) — k22 (0)g3(—1) + x}b13¢57 (0)
+b1207 (02 (0)] + a[x3 52207 (0) + b2191 (0)3(0) — ky02(—1)g3(0)
— ka3 (0)@3(—1) + x5b2397 (0) + b22w (0)¢3(0)]}

= Drj{[—(x{b13 + x3b23) + xfarbi3 + x5 F2b23lei (0) + bi2(@2 — Dt (0)p2(0)
+b2(Ba — P (0)¢3(0) + [—(xTb12 + x3b22) + xFa@2b1n + x5 Babalp?(0)
+b11(@2 — De1(0)92(0) + b1 (B2 — D1 (0)93(0) — k11 (0)g2(—1)
—kop1(0)p3(—1) — azk192(0)p2(—1) — az2kz¢2(0)p3(—1)
= Bok1g2(=1)@3(0) — Bakrp3(0)p3(—1). 4.21)
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By substituting (4.20) into (4.21) and comparing the coefficients with (4.19), we get

820 = —2D;[xTb1n + x5by + by + by B1 + (ki) + kafp)e 1]
+2Dtjasx{biy + brien — oy (ke + koBp)e <7 ]
+2D7;alxsbay + ba1 1 — Brlkies + kaBr)e ],

811 = — ijj[Z(beu +x3b22) 4+ bi1 (@1 + 1) + b2 (B + B1)
+ (ki@ +koBr)e' i+ (kyoy +ho fr)e " T 1= Drjar[—2x b1 — by (@) + o)
+op(kidy + ko fDe T + &y (kg + kapre "] — Dt fol—2x3b0)
— by (B + B1) + Br(ki@y + kaBr)e' T + By (kyay + ko Br)e O],

802 = —2D7j[x}bia + x3bx + &by + Brbay + (ki@ +kof)e' ]
+2Dtja[xfbia + b11ay — @y (kiay + kafp)e’ 7]
+2D7;Bolx3b2y + b1 i — Br ki@ + ko Bp)e T,

€21 = —2Dt;[3(x}b13 + x5b23) + b12(@1 + 2a1) + b (B +2B1)
+ (b1o + x502) QWL (0) + Wag (0)) + byy My + by Ma + ky M3 + ka My
+2D7;@[3x 13 + bia (@) + 2a1) + x[h1n W (0) + Wi (0))
+b11My — ki Ms — koMg] + 2D Bo[3x5 b3 + b (B1 + 2B1)

30 W (0) + Wi (0) + by My — ky M7 — ko Mg, (4.22)

where in g71,

1
My = w0 + 2 3 W30 O+ 381 W3 () + e Wiy (0),

1 -
~BIWS) ) + B (),

My = Wi 0 + fWéo) ©+5

M3 = WD 4 S WD 1) 4 2@ Wi 0T 4o Wi e,
Ma= WD)+ Wi - 1)+lﬁlwz%)(O)eW*’f+ﬂ1W“’(0>e*’w*’f
Ms = i WP (—1) + ;al%%)( 1+ ;alwz%)w)ewf +a WP 0)e 1T,
M = Wi (1) + 5 WA 1)+ 2 WD 0T 4 gy Wi 00T,
My = WD L@ Wi 0T+ LB ) + W -,

Mg = BIW (1) + /31W2(3)( D+ ﬂlwz(f))(melw*ffﬂs w3 (Oye i

Since there are Wh(0) and W11(0) in go1, we still need to compute them. From (4.8) and
(4.17), we have
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W =3 —2q—7G

[ AW = 2Re{G* (0)ho(z, 2)q(0)}, 0 c[~1,0),
= | AW = 2Re{G* (0)ho(z, 2)q(0)} + ho(z,2), 0 =0,
Y AW+ H(z,2,0), (4.23)
where
1 1 1
H(z,7,0) = EHzo(é))z2 + Hy10)z7 + EHOZ(Q)ZZ + 8Hzo(e)z3 Foe. (4249)

Expanding the above series and comparing the corresponding coefficients, we obtain
(A = 2iwst; 1) Wi (0) = —Hp0(0), AW11(0) = —H|1(0), . ... (4.25)
From (4.23), we know that for 6 € [—1, 0),

H(z,2,0) = —=G*(0)ho(z, 2)q(6) — ¢ (0)ho(z, 2)3(6)
= —8(z.2)q(0) — 8(z.2)q(9)

1 - R -
= 5(8209(0) + 2024(0)2% — (2119(0) + 2113 (0)zZ+ - . (4.26)
Comparing the coefficients with (4.24) gives that

Hy0(0) = —g209(0) — 802q (), H11(0) = —g119(0) — 8114(0). (4.27)
From (4.25), (4.27) and the definition of A, it follows that
Wa0(0) = 2iwst; Wao(0) + 2209 (0) + 202G (6).
Notice that ¢(8) = (1, oy, 1) T e®*%i?  hence

Wao(6) = ;gio'q(o)eiw*rﬂ + 3:?02'@(0)6_[“)*{/'0 + E]eZiw*er’ (4.28)
*t)

T j
where E1 = (Eq1, Eq2, E13)T € R3 is a constant vector.
Similarly, from (4.25) and (4.27), we can obtain

Wi10) = — 8L g (0)ei @0 4 18 5 (0)p—ienif | |y (4.29)
a)*rj a)*rj

where Ey = (Ep1, Epo, E23)T € R3 is also a constant vector.

In what follows, we shall seek appropriate £ and E;. From the definition of A and (4.25),
we obtain

0 0
/dn(H)Wzo(Q) = 2iwsT; W0 (0) — Ha0(0), /dn(9)W11(9) = —H1(0), (4.30)
—1 —1

where n(6) = (0, ).
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Note that ¢ (@) is the eigenvector of A(0) and from (4.28) and the definition of A(0), we

know that

0 0

/ an(@)Wao(6) = £ / dn(©)q(0)
e R

0 0

/ dn(©)q) + / dn(0)E e*xTi®
—1 —1
ig20 ig

= (iwstjq(0)) + 02 (—iwxt;q(0))
W4T 3w*fj

1802
3a)* ‘L'j

—+

0
+ / dn(0) Eye*@+7i?
-1

0

2 _ i .

= —g209(0) + %q(0)+/dn(9)Elez'w*”9
-1

and

Qi Wao(0) = —2g20q(0) — 25'%7(0) +2iweT; E).

Thus, the first equation of (4.30) becomes

0

Ho(0) = —g204(0) — 5023 (0) + | 2wt} — / dn@e2ieti? | .

—1

Similarly, from (4.29), we have

0 0
/dn(Q)Wn(@) =g1161(0)+§116(0)+/d17(9)52-
~1 ~1

Hence, the second equation of (4.30) becomes

0

Hy1(0) = —g119(0) — g119(0) — / dn(0)E.
g

From (4.23), we have
Hy(0) = —£209(0) — 8029 (0) + 27 (w1, wa, wy)’,
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(4.33)

(4.34)

(4.35)

(4.36)
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where
wy = —(kya +kaB)e T — (xFb1y + by + x5by + by 1),
wy = x}b1y + brjay —ay(kjay + kafy)e @Y,
w3 = x3b + by B1 — Bi (ki + ko fr)e” T
and
Hy1(0) = —g114(0) — 2114(0) — 27;(v1. v2. v3)” (4.37)
where

Re{byjay +bay B + (kjay + kaB1)e "5} + (xFbip + x3b2),
vy = Re{ay (kjay +ko)e "% — bpjai} — x{bia,
v3 = Re{By (kja +kof1)e ™ T — by 1} — x3boo.

V]

Substituting (4.36) into (4.33), one get
0
QiwyT; —/dn(@)ezi‘”*fje Ey =2t (wy, wy, w3)T,
—1

that is

2w4i +a D* — ki (1 — §%)e 20T D* — (1 — §¥)e 21T

. . wi
—x{b1y 2w + klxi"efz““*tf kzxi‘elew*t-f Ei=2| wy
—x3bo) klx;e—Ziw*rj 2wy + k2x§ke_2iw*rj w3
It follows that
260*! +a D* _ k](] _ S*)e—Ziw*rj D* _ k2(1 _ S*)e—zi(u*rj 1 "
E =2 —xikbll 2wyl + klx’lkefﬁw*r/ kzxikefmw*rj w)
_xikb21 klx’zke*ziw*tf Dwyi +k2xike*2iw*rj w3
(4.38)
Substituting (4.37) into (4.35), one get
a D* —kj(1—-S% D* —ky(1— 5% v
—bell kle kzxik Ery=-2| v
—x3ba1 kx5 kpx3 v3
It follows that
a D*—ki(1—-58% D* —ko(1—S%) - V]
Ey=-2 —xikbll klxik kzxik v |. (4.39)
—x3ba1 kyx3 kpx3 v3
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Thus, we can determine W5 (0) and W11 (0) from (4.29) and (4.30). Furthermore, we can deter-
mine go1. Therefore, each g;; in (4.19) is determined by the parameters and delay in (4.22).
Thus, we can compute the following values:

. 2

l 1802 821
c1(0) = 5—— (811820—2|g11|2— = )+2 :

*°

 Re(c1(0)
M2 = T Re(l () (4.40)
By = 2Re(c1(0)),

Im(c1(0)) + polm(i/ (z}))

(l)*fj

Ty = — 4.41)

which determine the quantities of bifurcating periodic solutions in the center manifold at the
critical value 7, i.e., up determines the directions of the Hopf bifurcation: if u > 0 (u2 < 0),
then the Hopf bifurcation is supercritical(subcritical) and the bifurcating periodic solutions
existfor T > 7; (t < 7;); %, determines the stability of the bifurcating periodic solutions: the
bifurcating periodic solutions are stable(unstable) if %, < 0 (%, > 0); and T, determines the
period of the bifurcating periodic solutions: the period increase (decrease) if 75 > 0 (7> < 0).

5 A numerical example

In this section, we give a numerical simulation supporting the theoretical analysis. We consider
the following system

. 38 58
=(14+22 - 1. - 1-9) - — ,
S=(1.4+22x1(t — 1)+ 1.05x2(t —7))(1 = S) 02515 T 082
38
: S (1442201 —7) + 1.05x2(1 — 7)) (5.1)
X) = X —_— — . X —T Uox -7 .
2 2 0.8+5S 1 2 s

where k1 = 2.2,ky = 1.05,d = 1.4 and f1(S) = 025+S’ (S = 08+S The positive
equilibrium is Eyx = (0.5750, 0.2127,0.2123).

Simple calculations show thatg = 0.5264¢~! > 0, thus, the conditions in Theorem 3.1 (2) is
satisfied. Furthermore, we can compute from (3.8)—(3.10) that w4 = 0.2408, 79 = 10.3671 and
dRelBo@l | _ "= 0.1824¢™2 > 0. By Theorem 3.1, the positive equilibrium E* is asymp-
totically stable for T < 7 and unstable for t > 7( (see Fig. 1a—d), where T = 10). When
T passes through the critical value ¢ to the right, E* loses its stability forever and a Hopf
bifurcation occurs, i.e., a family of periodic solutions bifurcate from the positive equilibrium
E* (see Fig. 2a-d), where 7 = 13).
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(a) 1 (b) 0.5
08 0.4
— . 03
= 06 =
® X 02
0.4 01
0.2 0
0 500 1000 1500 0 500 1000 1500
t t
(c) o7
0.6
0.5
= 04
<" 03
0.2
0.1
0
0 500 1000 1500

t

Fig. 1 The positive equilibrium E* = (0.5750, 0.2127, 0.2123) of (5.1) is asymptotically stable when
T < 10. a Time-state t — S(¢) relation graph. b Time-state # — x(¢) relation graph. ¢ Time-state t — xp (¢)
relation graph. d Phase portrait of system (5.1). Here (S(0), x1(0), x2(0)) = (0.57, 0.4, 0.05) and t = 10

1 05
(@) (b)
08 0.4
= _. 03
= 06 =
® X 02
04 04
0.2 0
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
t t
(c)o7 (d)
06 06
05 ~ 04
— o
= 04 X on
<N 03
0.2 9
1
0.1 0.5 06 0.8
0 0 04
t S(t)
0 100 200 300 400 500 600 700 800 x,(t)

t

Fig. 2 The positive equilibrium E* = (0.5750, 0.2127,0.2123) of (5.1) is unstable when T > 7 and
a bifurcating stable periodic solution from E* occurs. a Time-state ¢ — S() relation graph. b Time-state
t — x1(t) relation graph. ¢ Time-state t — x7(¢) relation graph. d Phase portrait of system (5.1). Here
(5(0), x1(0), x2(0)) = (0.57,0.4,0.02) and T = 13
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The properties of bifurcating periodic solutions can be obtained by the results of Sect. 4.
According to (4.22), we can get

€20 = 0.4260 + 1.9808,
g1 = 1.5627 — 0.3156i,
0.5892 + 2.5785i,
—11.5342 + 7.5949i.

802
821

Hence, Eq. (4.40) can be calculated exactly as follows:

—6.3602 4- 2.5708i, o = 3486.1063 > 0,
—12.7203 <0, T, =30.8712 > 0.

c1(0)
&)

Therefore, we can conclude that the Hopf bifurcation for system (5.1) is supercritical for T > 1
and the bifurcating periodic solution is asymptotically stable since uy > 0 and %, < 0.

6 Discussion

It was shown in [18] that a chemostat with two organisms can be made coexistent by means of
feedback control of the dilution rate, i.e., if the dilution rate depends affinely on the concentra-
tions of two competing organisms, coexistence may be achieved as a globally asymptotically
stable equilibrium point in the interior of the non-negative orthant (see also [15,17-21] for
some pertinent studies). Note that it is assumed in all the researches above that the optical
sensor used to measure the turbidity of the fluid is fast and accurate. Thus the time needed to
the measurement of the optical sensor to the turbidity of the fluid is neglected. But in reality, no
matter how sensitive the sensor is there always exists delay in the process of its measurement
to the the turbidity of the fluid and this signal is used to control the dilution rate. In this paper,
by choosing this as a bifurcation parameter, we show that Hopf bifurcations can occur as the
delay crosses some critical values, i.e., a family of periodic solutions will be bifurcated from
the positive equilibrium. The direction and stability of the bifurcating periodic solutions are
determined by the normal form theory and the center manifold theorem. Computer simulations
illustrate the results.

As pointed above, when 7 = 0 in model (2.1), the positive equilibrium is globally asymptot-
ically stable (Lemma 2.1, see also [18] for the details). We guess it is globally asymptotically
stable for v € [0, 7¢), too. We leave this for future consideration.
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